, Chenery, Minhas, and Solow [1] was restricted to the case of constant returns to scale. With this restriction it is possible to estimate the elasticity of substitution from the marginal productivity condition by regressing the value of production per worker on wage rate (both variables measured in logarithms). If, however, the CES production function is generalized to allow for the possibility of non-constant returns to scale, this method of estimation is no longer feasible. The purpose of this paper is to consider estimation procedures applicable to the generalized version of the CES function under various circumstances.
SIMULTANEOUS EQUATION ESTIMATES WITH UNIFORM PRICES
Let us now consider firms which operate under perfectly competitive conditions and obtain their inputs at fixed prices in the same market. Given that the appropriate production function is the CES function, the production model may be specified by the following relationships: Finally, the disturbance of (2.4) is proportional to that of (2.8). Equations (2.5) and (2.6) imply that the z's depend only on ul and U2. Since u, and u2 are independent of uo by assumption, all the z's are independent of ei, and least squares estimates of (2.8), subject to the restriction of (2.13), will be consistent. Replacing the a's in (2.9) through (2.12) by their consistent estimates will lead to consistent estimates of log r, v, s, and p.
The construction of the variables z1 and Z2 requires a priori knowledge of F. This we do not have, but a consistent estimate of F, say F, can be obtained by utilizing the assumption of independence of u1 and u2. By imposing this restriction on the sample we have from equations (2.5) and (2.6) (2.14) 2.14) has two roots; it can be shown that both will be real-at least asymptotically." The question as to which of the two roots is appropriate for our purpose can be resolved with reference to equation (2.8). We wish to minimize the sum of squares of the residuals or, equivalently, to maximize the sum of squares due to regression (SSR). If 'a and a2 are both negative, the SSR would be maximized by choosing the smaller root of (2.14).
The foregoing production model applies only in a situation where the production function is completely known by the firms before the input decisions are made. If, however, the value of the production function disturbance is not known a priori, output-and therefore profit-is a stochastic variable. In this case one would find it more appropriate to postulate maximization of expected rather than actual profit. Given this, the estimation procedure suggested above would lead to inconsistent estimates. Consistent estimates can be obtained by using simple least squares estimates corrected for asymptotic bias.'2
SIMULTANEOUS EQUATION ESTIMATES WITH NON-UNIFORM PRICES
In this section we shall consider estimation in the case in which prices of output and of inputs are no longer constant but are allowed to vary over the sample period. Such a situation is encountered when we have observations on a number of firms which operate in different markets, or on a single firm at different points of time. Since, under perfectly competitive conditions, individual firms have no influence on the market, prices can be regarded as exogenously determined. Using the specification given in the previous section, the model can be described as 1- The estimation of the remaining parameters can proceed as follows. Equat-on (3.4) isn f ct Lbs reduced -formn equal tion for xSi-xio One can1 obtain t6he reduced fo.-n eq nation for xV '\y solving (5.1), (3.3) and (3.4) 
CONCLUSION
In the preceding sections, we have discussed methods of estimating the parameters of the CES production function from various types of data. In contrast to the previous *works on this subject, we have not assumed constant returns to scale a prior.
This gain in generality involves a certain cost since we require data on capital input, which was not necessary in previously used estimates based on non-uniform prices (the case discussed in our Sec- 
A. 2. RECONCILIATION OF MAXIMUM LIKELIHOOD AND INDIRECT LEAST SQUARES METHODS
In Section 2 we considered the problem of estimating production function parameters within the context of the Marschak-Andrews type of production model. Differentiating the likelihood function (2.7) and putting first derivatives equal to zero leads to the following equations: + 1)-2[cov (x0, um) + coV (xO, U2)]2-4(p + J)-2[cov (ul, u2)M00 v Since, by assumption, coV (Ul, U2) -> 0 as n -> oo and the remaining term on the RHS is necessarily positive (or zero), the proposition is proved.
